Abstract. We show that for each finite non-abelian simple group and each prime p either there exists an irreducible Brauer character which takes the value zero on some p-regular element, or p ¼ 2 and all degrees of irreducible Brauer characters are powers of 2. This generalizes an old result of Burnside from ordinary to Brauer characters. For the proof we introduce the notion of the defect zero graph of a finite group, which may be of independent interest.
Introduction and statement of the main results
The main result of this paper answers in the a‰rmative a question on the zeros of Brauer characters of simple groups posed by Gabriel Navarro (a more precise formulation is contained in Theorem 1.2 below): Theorem 1.1. Let G be a finite non-abelian simple group and p a prime. Assume that no irreducible p-modular Brauer character of G vanishes on any p-regular element of G. Then p ¼ 2 and the degrees of all irreducible p-Brauer characters of G are powers of 2.
By a well-known observation of Burnside, any non-linear irreducible ordinary character of a finite group vanishes on some element, so the statement above is certainly true for primes p not dividing jGj.
We shall prove the theorem in a case by case analysis, using the classification of finite simple groups. More precisely, we establish a statement which lends itself more easily to induction.
In order to formulate this, we shall say that a Brauer character j of a finite group G has an invariant zero, if j vanishes on a whole orbit of AutðGÞ on the set of p-regular elements of G. For example, assume that j vanishes on the p-regular class C of G. If one of j, C is invariant under AutðGÞ, then j has an invariant zero. Theorem 1.2. Let G be a finite non-abelian simple group and p a prime. Then there exists an irreducible p-Brauer character of G having an invariant zero on p-regular elements of G, unless p ¼ 2 and in which case all degrees of irreducible 2-Brauer characters of G are powers of 2.
Clearly Theorem 1.1 follows from this.
As an immediate consequence of Theorem 1.2 we obtain the following extension to arbitrary non-solvable groups when p is odd. Theorem 1.3. Assume that G is not solvable and p 0 2. Then there exists an irreducible p-Brauer character of G which vanishes on some p-regular element of G.
Proof. Let G be a minimal counter-example, and N p G a minimal normal subgroup. Assume that N is solvable. Then G=N is not solvable, so by minimality of G there exists gN A G=N of order k prime to p and j A IBr p ðG=NÞ with jðgNÞ ¼ 0. Interpreting j A IBr p ðGÞ by inflation, we obtain that jðgnÞ ¼ 0 for all n A N. Write g ¼ g 1 g 2 with g 1 the p-part, g 2 the p 0 -part of g. Then g k ¼ g Hence N is not solvable. So it is a direct product of isomorphic simple groups S i G S of order divisible by p. By Theorem 1.2 there exists an irreducible p-Brauer character j of S with an invariant zero, say on g A S. Let m :¼ j Â Á Á Á Â j, an irreducible Brauer character of N, which vanishes on ðg; . . . ; gÞ. Let I be the inertia group of m in G andm m an irreducible character of I lying above m. Thenm mj N is a multiple of m, so it has an invariant zero as well. The induced characterm m G is irreducible, and still vanishes on ðg; . . . ; gÞ, which is a contradiction. r It would seem interesting to understand what can be said in the corresponding situation for p ¼ 2.
Example 1.4. We give two examples to show that there is no straightforward generalization of Theorem 1.3:
(a) The conclusion in Theorem 1.3 is definitely not true for solvable groups; for example take p ¼ 3 and G ¼ A 4 .
(b) There are plenty of groups with p-Brauer characters without zeros whose degree is not a power of p: IBr p ðA n Þ, for p A f3; 5g and n A f7; 8g, contains an irreducible Brauer character of degree 13 without zeros, IBr 2 ðCo 2 Þ contains an irreducible Brauer character of degree 83948 ¼ 2 2 :31:677 without zeros.
In order to prove Theorem 1.2, in Section 2 we introduce a new combinatorial ob-ject associated to a finite group, the defect zero graph, which may be of independent interest, and study its properties in the case of finite simple groups. Section 3 is then devoted to the proof of Theorem 1.2.
A character degree graph
We introduce the following graph associated to a finite group G.
Definition 2.1. The defect zero graph DðGÞ of a finite group G has as vertices the primes dividing the order jGj, and two distinct vertices p; q are joined by an edge if there exists an irreducible complex character w A IrrðGÞ which is of defect zero for both p and q. We let n D ðGÞ denote the number of connected components of DðGÞ.
Closely related graphs have been studied extensively. Let D 0 ðGÞ have the same vertex set as DðGÞ, with two primes being connected if there is some irreducible character whose degree is divisible by both. Clearly, DðGÞ is a subgraph of D 0 ðGÞ. Now remove those primes from D 0 ðGÞ which divide no character degree. It has been shown by Manz, Staszewski and Willems [15] that this latter graph has at most three connected components. (In fact they consider a kind of dual graph GðGÞ, with vertices the degrees of non-linear characters, and edges given by common prime divisors, but this clearly has the same number of connected components.)
Clearly, if G has no character of p-defect zero, then p is an isolated vertex of DðGÞ. But this criterion is only su‰cient, not necessary, as can be seen for the defining prime of groups of Lie type. The pairs ðG; pÞ of finite non-abelian simple groups G having no p-defect zero character are listed in [6, Corollary 2] . In particular it follows that there are simple groups for which DðGÞ has at least three components. Surprisingly enough, this gives already the correct upper bound for the number of components. More precisely we show: Theorem 2.2. Let G be a finite non-abelian simple group. Then DðGÞ has at most three components. Moreover, the sum of the diameters of the components is at most 5 À n D ðGÞ.
The proof will be given in a case by case analysis, using the classification of finite simple groups. More detailed information on DðGÞ in the individual cases is given below.
From the ordinary character tables contained in the Atlas [4] In particular, n D ðGÞ c 3 for sporadic groups. Furthermore, in each case the sum of the diameters of the connected components of DðGÞ is at most 4 À n D ðGÞ.
For example, DðJ 1 Þ and DðM 23 Þ are connected of diameter 3, so the bound for the sum of diameters is best possible.
Our next aim is the determination of n D ðGÞ in the case of groups of Lie type. It is well known that the Steinberg character of a simple group of Lie type G in characteristic p is the only character of p-defect zero, so the defining prime p is always an isolated vertex in the defect zero graph DðGÞ. Proof. The statement can be checked easily for 2 F 4 ð2Þ 0 from its known character table, so we exclude this group from now on. Let ðG; F Þ be such that S ¼ G=ZðGÞ where G :¼ G F , as above. We have already noted above that the defining characteristic always forms an isolated component of DðSÞ, so we have to prove that all other prime divisors of jSj lie in one connected component.
In Table 1 we produce two maximal tori T 1 , T 2 of G Ã , which are uniquely determined, up to conjugacy, by their order (see for example [14] In all cases, jSj r 0 is divisible by a third prime p 3 not dividing either of the jT i j. Thus all primes p 0 r not dividing d :¼ gcdðjT 1 j; jT 2 jÞ are connected to this third prime, and in particular lie in one connected component of DðGÞ.
In the cases where d > 1, we have jSj ¼ jG=ZðGÞj ¼ jGj=d, so that
As gcdðjT 1 j=d; jT 2 j=dÞ ¼ 1 we may in fact conclude as before. Since all primes p 0 r are connected to p 3 , the diameter of this component is at most 2. r
We now turn to the groups of classical type. Proposition 2.5. Let S be a classical simple group of Lie type. Then n D ðSÞ c 3. Furthermore, n D ðSÞ ¼ 2 unless one of
In all cases, the sum of the diameters of the components is at most 3. Proof. We keep the set-up ðG; F ; G ¼ G F Þ as above and proceed as in the previous proof by producing two maximal tori T 1 , T 2 of G Ã with suitable properties in Table  2 , see [14, Table 3 .5].
Again, in all cases there exists a cyclotomic polynomial dividing jT i j which divides jGj exactly once, see [14, Proposition 3.4] . Furthermore,
and there is a third prime divisor of jGj not dividing jT 1 j jT 2 j and di¤erent from the defining characteristic of G, so whenever both Zsigmondy primes exist, we may conclude the argument as in the proof of Proposition 2.4.
The cases where not both Zsigmondy primes exist are the groups of types A 1 , A 2 , 2 A 2 , B 2 and the groups L 6 ð2Þ, L 7 ð2Þ, U 4 ð2Þ, S 6 ð2Þ, S 8 ð2Þ, O þ 8 ð2Þ and O À 8 ð2Þ. The character tables of the latter seven groups are contained in [4] , and the assertion can easily be checked. Now assume that S ¼ L 2 ðqÞ, so jSj ¼ qðq 2 À 1Þ=gcdð2; q À 1Þ. Here, the character degrees are q À 1, q, q þ 1, and ðq G 1Þ=2 if q is odd, where the sign depends on the congruence of q modulo 4. Clearly, DðSÞ has three components, consisting of the prime divisors of q À e, respectively those of ðq þ eÞ=2, respectively the defining prime (where q 1 e ðmod 4Þ), each being a complete graph.
For L 3 ðqÞ, U 3 ðqÞ and S 4 ðqÞ the Zsigmondy prime p 1 exists. (Note here that U 3 ð2Þ is solvable.) Thus all prime divisors of jSj not dividing qjT 1 j=d form a complete subgraph in DðSÞ. For S ¼ L 3 ðqÞ the Deligne-Lusztig character corresponding to a regular element of a totally split torus of order ðq À 1Þ 2 connects the prime divisors of jT 1 j=d to those which are prime to jT 1 j=d, unless q þ 1 is a power of 2. Such regular elements exist whenever q d 5. The cases L 3 ð3Þ and L 3 ð4Þ can be checked directly. If q þ 1 is a power of 2 then q 1 0; 1 ðmod 3Þ. Since q d 5 we actually have q 1 1 ðmod 3Þ. The Deligne-Lusztig character R 2 ¼ R T 2 ; s for some regular element s A T 2 is of defect zero for all prime divisors of T 1 di¤erent from 3. If q D 1 ðmod 9Þ, then R 2 is also of 3-defect zero, as is R 1 , so that DðSÞ has two components. On the other hand, if q 1 1 ðmod 9Þ then it can be checked from the explicitly known character degrees of L 3 ðqÞ that the prime divisors of jT 1 j=3 are not connected to any other primes in DðSÞ, so that we obtain three components, each a complete graph. Table 2 . Two tori for classical groups.
For S ¼ U 3 ðqÞ, if q À 1 is not a power of 2 then the Deligne-Lusztig character R 3 corresponding to a regular semisimple element of a maximal torus of order ðq þ 1Þ 2 connects the divisors of jT 1 j to the other non-defining primes, and we obtain two components. So assume that q ¼ 2 m þ 1, hence q 1 0; 2 ðmod 3Þ. If q 1 0 ðmod 3Þ then q A f3; 9g, and the claim can be checked directly. Thus q 1 2 ðmod 3Þ. If q D 8 ðmod 9Þ then R 3 is also of 3-defect zero, and all non-defining primes form a complete graph. Otherwise, the prime divisors of jT 1 j=3 are not connected to any other primes in DðSÞ, so that we obtain three components, each a complete graph. Note that 2 6kþ4 þ 1 is a prime power if and only if it is a Fermat prime. Finally, consider S ¼ S 4 ðqÞ. If a maximally split torus T 3 of order ðq À 1Þ 2 contains regular elements, and q þ 1 is not a power of 2, then the corresponding DeligneLusztig character joins the prime divisors of jT 1 j=d to the other non-defining primes. Similarly, the same holds if a torus T 4 of order ðq þ 1Þ 2 contains regular elements and q À 1 is not a power of 2. Such regular elements exist for all q > 5. Furthermore, at least one of q þ 1, q À 1 is not a power of 2 if q > 3. The remaining cases S 4 ð3Þ, S 4 ð4Þ, S 4 ð5Þ can be checked easily. Note that S 4 ð2Þ 0 G L 2 ð9Þ. r
For the treatment of alternating groups we need the following observation:
Lemma 2.6. Let l ' n be a partition of n which is a p-core. Then the largest hook length in l is smaller than
since mðp À 1Þ c k. Using that k < ðm þ 1Þð p À 1Þ this gives
. Applying the same argument to the transposed partition l 0 we obtain that also l k < ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 2nðp À 1Þ p , so l has largest hook length
For the second bound, we consider the lengths of the (disjoint) hooks at the diagonal entries of l. If h denotes the length of the longest hook, the next one has length at least h À 2ð p À 1Þ À 2, the third at least h À 4ð p À 1Þ À 4, and so on. Adding these up gives the claim. r
The proof of the following statement on the defect zero graph of alternating groups makes essential use of the existence of p-cores for all primes p d 5.
Proposition 2.7. Let G ¼ A n with n d 5. Then n D ðGÞ c 3. More precisely, all primes lie in a single component, of diameter at most 2, except that (a) p ¼ 3 is isolated if n is of the form 3m þ 1 and has a prime divisor congruent to 2 ðmod 3Þ to an odd power, and
Proof. The complex irreducible characters of the symmetric group are naturally parameterized by partitions l of n, and the degree of w l equals n! divided by all hook length of the Young diagram of l. This allows us to check the assertion by computer for all n c 16. From now on, let n d 17. If p is odd then clearly the restriction to A n of any p-defect zero character of S n contains (at least) one defect zero character of A n , thus for odd primes it su‰ces to consider character degrees in S n . Let k :¼ d ffiffi ffi n p e. Then clearly there exist partitions l of n whose Young diagram has at most k rows and columns. Thus the largest hook length of l is at most 2k À 1. In particular, w l is of p-defect zero for all primes p with n d p d 2d ffiffi ffi n p e. Thus these primes form a complete subgraph of DðA n Þ. Note that, since n d 17, there always exists at least one such prime by Bertrand's postulate.
So now assume that p < 2d ffiffi ffi n p e. Then we show that a p-core, that is, a partition l without p-hooks, is also a core for some other, large prime. Indeed, if l is a p-core, then the largest hook of l has length at most
3=4 À 1 is smaller than n=2, so for those n, any p-core is also a q-core for some large prime q > n=2. Using a computer program it can be checked that in fact the largest prime q c n is larger than our bound for all n d 269. For 29 c n c 268, the second bound n=2 þ ð2d ffiffi ffi n p e À 1Þ þ 1 from Lemma 2.6 is smaller than the biggest prime below n. Moreover, the only cases with n d 17 for which the inequality fails occur for n ¼ 26; 27; 28 and p ¼ 11. But in these cases,
4 ðn À 24Þ is an 11-core as well as a 23-core. Thus, whenever there exists a partition of n which is a p-core, p is joined to the largest prime less or equal to n. Now the result of Granville and Ono [6, Theorem 1] guarantees the existence of p-cores for all n and all primes p d 5. In particular, all primes p d 5 lie in a single component of DðGÞ, of diameter at most 2.
By [6, Corollary 2] there is no 3-core partition of n if and only if n is congruent to 1 ðmod 3Þ and divisible by some prime congruent to 2 ðmod 3Þ to an odd power. Clearly, in these cases 3 is an isolated vertex.
Now
It would be interesting to know whether the sum of diameters is bounded above by 4 À n D ðGÞ for alternating groups as well. For this to hold, if both 2 and 3 are isolated, the other primes would have to form a complete graph.
Proof of the main theorem
In this section we prove Theorem 1.2 on zeros of Brauer characters of finite nonabelian simple groups. For groups of Lie type in non-defining characteristic, we use properties of their defect zero graphs, see Section 3.2. The case of defining characteristic is treated in Section 3.3. It is not amenable to this method and thus requires a di¤erent approach.
We start with the following elementary observations for arbitrary finite groups G which establish the connection between zeros of Brauer characters and the defect zero graph:
Lemma 3.1. Assume that G has an ordinary irreducible character w of p-defect zero which takes value zero on some p-regular element. Then G has an irreducible p-Brauer character taking value zero.
Indeed, being of p-defect zero, the restriction of w to the p-regular classes of G is an irreducible p-Brauer character. In particular we have: Lemma 3.2. Assume that G has an ordinary irreducible character w of defect zero for two distinct primes p, q dividing jGj. Then G has an irreducible p-Brauer character with an invariant zero.
Indeed, w is irreducible modulo p and vanishes on all q-elements, which is an AutðGÞ-invariant set. We now consider the various classes of finite simple groups in turn.
Alternating groups.
The alternating groups A 5 and A 6 are isomorphic to projective special linear groups, which will be treated later, so we may assume that n d 7 here. Proposition 3.3. Theorem 1.2 holds for G ¼ A n with n d 7.
Proof. For n c 8 the assertion can be checked from the known modular character tables [9] , so assume now that n d 9. Let w denote the non-trivial irreducible constituent of the natural permutation character of S n over Q.
First assume that p F n. Then w remains irreducible modulo p, so its restriction to p-regular classes is an irreducible p-Brauer character. It vanishes on all elements of S n with exactly one fixed point. If n is even (so p 0 2), then permutations of at least one of the cycle shapes ðn À 1Þð1Þ or ðn À 5Þð2Þ 2 ð1Þ have order prime to p, and both lie in A n . If n is odd, consider (even) permutations of cycle shapes ðn À 3Þð2Þð1Þ and ðn À 4Þð3Þð1Þ. Since p F n, at least one of them has order prime to p. Thus in both cases we have found p-regular elements on which w vanishes. Since w extends to AutðA n Þ ¼ S n , the claim follows. Now assume that pjn. Then the p-modular reduction of w contains one trivial constituent and one further irreducible Brauer character j. Clearly, the latter vanishes on all permutations with exactly two fixed points, so in particular on those of cycle shapes ðn À 2Þð1Þ 2 and ðn À 4Þð2Þð1Þ 2 . One of them is even, hence contained in A n . If p 0 2, then both have order prime to p, and we are done as before. So finally assume that p ¼ 2 and n is even. Then j vanishes on permutations of cycle shape ðn À 5Þð3Þð1Þ 2 , which have odd order. This completes the proof. r
Alternatively, we could have made use of our results on the defect 0 graph in Proposition 2.7, but the above proof has the advantage that it does not depend on the non-trivial existence result for p-cores.
Groups of Lie type in non-defining characteristic.
Here the proof of the main theorem relies heavily on our above study of the defect zero graph, in view of Lemma 3.2. Proof. Let G be a simple group of Lie type. Assume that p is not an isolated vertex of the defect zero graph of G. Then there exists another prime divisor q of jGj and an irreducible complex character w of G such that w is of p-defect zero and of q-defect zero. Thus the claim holds for G and p by virtue of Lemma 3.2.
According to Propositions 2.4 and 2.5, all non-defining primes for G lie in a single component (which has at least two vertices since G is non-solvable), unless G is one of L 2 ðqÞ, q d 4, L 3 ðqÞ, q ¼ 2 6mþ1 À 1 with 6m þ 1 prime, U 3 ðqÞ, q ¼ 2 The assertion for the latter four groups can be checked directly from the known Brauer character tables [9] .
For G ¼ L 2 ðqÞ, q ¼ r f , we use the information on decomposition numbers obtained by Burkhardt [1] . First assume that p 0 2. If p j ðq À 1Þ, then the Steinberg character of G of degree q remains irreducible modulo p by [1] . Since it vanishes on the class of r-elements, and remains invariant under all automorphisms of G, we are done in this case.
If p j ðq þ 1Þ then the p-modular reduction of the Steinberg character contains an irreducible constituent of degree q À 1, which vanishes on all elements of order dividing q À 1, and again remains invariant under all automorphisms.
It remains to consider the case that p ¼ 2 and hence q is odd. If q 1 1 ðmod 3Þ, then the 2-modular irreducible Brauer characters of G of degree ðq À 1Þ=2 vanish on the unique conjugacy class of elements of order 3. If q 1 À1 ðmod 3Þ there exists an irreducible 2-Brauer character of G of degree q À 1, invariant under automorphisms, which vanishes on all elements of odd order dividing q À 1. Such elements exist unless q À 1 is a power of 2. In the latter case, again by [1, (VIII (a))], the degrees of Brauer characters are 1, ðq À 1Þ=2 and q À 1, which leads to exception (b) in Theorem 1.2. Finally, if q ¼ 3 f the irreducible 2-modular characters of degree ðq À 1Þ=2 vanish on all elements of odd order dividing q À 1. Such elements exist unless
6mþ1 À 1 with 6m þ 1 prime. In the proof of Proposition 2.5 we showed that the non-defining primes not dividing F 3 =3 form a complete subgraph of the defect zero graph of G. Since there are at least two such primes, the result follows for them. For the primes dividing F 3 =3, the Deligne-Lusztig characters for regular elements in a maximally split torus are of defect zero and vanish on all elements of order q þ 1, providing the required zero.
Finally, for U 3 ðqÞ, q ¼ 2
Groups of Lie type in defining characteristic.
In contrast to the case of nondefining characteristic, the defect zero graph is of no use here, since the defining prime always forms an isolated vertex. Instead, we produce zeros of Brauer characters by embedding small groups with known character values into the groups of Lie type. Let ðG; F Þ be as in Section 2.1 above and G :¼ G F , with p the defining characteristic. We need two important facts from the representation theory of groups of Lie type in their defining characteristic. First of all, any irreducible such representation of G is obtained as the restriction of some irreducible representation of G. In particular, it extends to all G We start with the exceptional groups of Lie type. The natural 7-dimensional irreducible representation of G 2 ðqÞ, q odd, vanishes on all regular elements of order 7; the 14-dimensional representation of G 2 ð7Þ vanishes on elements of order 8; the natural 6-dimensional representation of vanishes on all elements of order 13, by [9] . The heart of the natural permutation representation embeds the alternating group A 10 into a 9-dimensional orthogonal group. This lifts to an embedding of the 2-fold cover 2:A 10 into the simply connected group of type B 4 . The latter is a subsystem subgroup of F 4 , so the 2-fold cover of A 10 embeds into a group of type F 4 . Since the representation of 2:A 10 is defined over the integers, reduction modulo p gives a homomorphism 2:A 10 ! Spin 9 ðpÞ ! F 4 ðpÞ, with kernel of order gcdð2; pÞ. We now claim that the restriction to Spin 9 of the irreducible character of the adjoint representation of F 4 is the sum of the characters of the spin representation and the adjoint representation of Spin 9 . Clearly, the restriction contains the adjoint representation of Spin 9 . Since Spin 9 is of maximal rank in F 4 , its centralizer on the adjoint module for F 4 is trivial and so the restriction does not contain trivial constituents. The table of dimensions in [12] now shows that the only possibility for the remaining 16-dimensional subquotient is the spin representation of Spin 9 .
So the Brauer character of 2:A 10 on the adjoint module for F 4 ð pÞ is the spin character plus the exterior square of the natural 9-dimensional character. From the character table of 2:A 10 one sees that the latter vanishes on some elements of order 4, as well as on some elements of order 21. This yields a zero of the Brauer character of the adjoint representation of F 4 ðqÞ.
The groups E 6 ðqÞ and 2 E 6 ðqÞ both contain a subsystem subgroup F 4 ðqÞ, hence by the above the 2-fold cover 2:A 10 of the alternating group A 10 . Arguing as above for F 4 we see that the restriction of the irreducible adjoint representation of E 6 to F 4 contains the adjoint representation and a 26-dimensional representation. We claim that the latter when restricted to B 4 contains the natural 9-dimensional representation, the spin representation and a trivial constituent. Indeed, B 4 is contained in the subsystem subgroup of type D 5 , which centralizes a one-dimensional torus, so the adjoint representation for E 6 will contain at least one trivial constituent. By our result for F 4 , this is not contained in the adjoint representation for F 4 . On the other hand, the centralizer of B 4 is only 1-dimensional, so there are no further trivial composition factors. For dimension reasons (see [12] ) the remaining 25-dimensional module must have composition factors as claimed.
Thus the adjoint representation of E 6 restricts to 2:A 10 as the p-modular reduction of the heart of the permutation module, the exterior square of this, two copies of the spin module, and one trivial constituent. The character table of 2:A 10 shows that this vanishes on certain elements of order 8. If p ¼ 2, then the restriction to 3 D 4 ð2Þ < F 4 ð2Þ of the 27-dimensional irreducible module of ð2Þ E 6 ð2 f Þ only splits o¤ one trivial composition factor. The Brauer character table of 3 D 4 ð2Þ shows that this restriction vanishes on all elements of order 3.
According to the observation of Serre in [17, p. 417] , (the p-modular reduction of ) any of its 133-dimensional rational representations embeds the simple group U 3 ð8Þ into the adjoint representation of E 7 ð pÞ, for any prime p. This is irreducible for p > 2, and the 133-dimensional character of U 3 ð8Þ vanishes on elements of orders 7 and 19. In characteristic 2, the adjoint module splits o¤ a 1-dimensional trivial constituent. The Brauer character of the remaining irreducible part vanishes on elements of order 9 of U 3 ð8Þ.
For p 0 2 the Brauer character of the adjoint representation of E 8 ðqÞ vanishes on certain elements of order 4, see Cohen and Griess [3, Table 4 ]. By Parker and Saxl [16] the group E 8 ð2Þ contains a subgroup L 3 ð5Þ, to which the adjoint representation restricts as the sum of two 124-dimensional irreducible 2-Brauer characters. These vanish on elements of order 31. Now for all exceptional groups GðqÞ we have produced an irreducible Brauer character j vanishing on some p-regular element. Let m be the image of j under some automorphism of GðqÞ. Both m and j restrict irreducibly to the group Gð pÞ over the prime field. It can be checked that Gð pÞ has at most two representations of the given degree jð1Þ ¼ mð1Þ, and that both vanish on the given p-regular class. Hence m has a zero at the same class as j, so this is an invariant zero. r
The desired result for linear and unitary groups will essentially follow from a property of symmetric groups: Lemma 3.6. Let n d 4 and let w be the character of the heart of the natural permutation module of QS nþ1 . Then Proof. The first statement holds more generally for the reflection character of any irreducible reflection group; see for example [5, Theorem 5.1.4] . For the second and third statements note that w k is labeled by the hook partition ðn þ 1 À kÞð1Þ k of n þ 1. The assertion now follows by an easy application of the Murnaghan-Nakayama rule, see e.g. [7, (2.4.7) ]. r
The following is well known (see [12] for example):
Lemma 3.7. Let V denote the natural n-dimensional module of G ¼ SL n ðqÞ over F q , resp. of G ¼ SU n ðqÞ over F q 2 . Then the following assertions hold.
(a) L k ðV Þ is irreducible for G, for 1 c k c n. Moreover, the action on L k ðV Þ has ZðGÞ in its kernel whenever k is a multiple of gcdðn; q À 1Þ, resp. gcdðn; q þ 1Þ.
(b) If p F n, the adjoint module AðV Þ, that is, V n V Ã modulo the trivial submodule, is irreducible for G, with trivial action of ZðGÞ. So now assume that n d 3. Let V denote the natural module for GL n ðqÞ. The symmetric group S nþ1 embeds into GLðV Þ via its natural permutation representation modulo the trivial submodule. Since this representation is the p-modular reduction of a rational representation, its image is already contained in the general linear group over the prime field, hence invariant under field automorphisms of F q . For the same reason, it is invariant under the transpose inverse automorphism of GLðV Þ. This representation restricts to a representation of A nþ1 into SLðV Þ. The Brauer character of g A A nþ1 on V is just the number of fixed points of g minus 1. We shall produce elements for which the restriction of the Brauer character on V , L 2 ðV Þ or AðV Þ to A nþ1 takes value 0.
First let n ¼ 3. If q 1 2 ðmod 3Þ then L 3 ðqÞ ¼ SL 3 ðqÞ, and the Brauer character on V vanishes on 3-cycles in A 4 . If p ¼ 3 then it su‰ces to locate a zero in the 3-modular Brauer table of L 3 ð3Þ, since all irreducible representations extend to the algebraic closure of the base field. One finds in [9] that the 6-dimensional representations vanish on elements of order 4. If q 1 1 ðmod 3Þ, then the Brauer character of V has value À1 on double transpositions, so the Brauer character on AðV Þ, which is irreducible by Lemma 3.7 (b), vanishes on these elements. Hence it remains to treat the case p ¼ 2, q ¼ 2 2m . Here, 3-cycles have Brauer character value 0 on the natural module, so the tensor product of V with the mth Frobenius twist, which is irreducible and has ZðSL 3 ðqÞÞ in its kernel, also takes value 0 on 3-cycles. So now let n d 4 and first assume that n is even. If p F n then in particular p 0 2, so that both ðn À 1Þ-cycles and ðn þ 1Þ-cycles lie in A nþ1 and at least one of them is a p-regular class. The Brauer character has value G1 on V , so it vanishes on AðV Þ by Lemma 3.7 (b). If pjn, then d :¼ gcdðn; q À 1Þ c n=p c n À 1. Then, with k :¼ maxf2; dg, L k ðV Þ is an irreducible representation of L n ðqÞ having Brauer character value 0 on ðn À 1Þ-cycles by Lemma 3.6 (b).
If n is odd, first assume that p F n. Then ðn À 1Þ=2, ðn þ 1Þ=2 are coprime, and at least one of them is prime to p. Proof. We again use the embedding A nþ1 ,! SU n ðqÞ and the fact that L k ðV Þ and AðV Þ are irreducible for SUðV Þ under the conditions formulated in Lemma 3.7.
First let n ¼ 3. If q 1 1 ðmod 3Þ then U 3 ðqÞ ¼ SU 3 ðqÞ, and the Brauer character on V vanishes on 3-cycles in A 4 . If p ¼ 3 then it su‰ces to locate a zero in the 3-modular Brauer table of U 3 ð3Þ. Indeed, the 7-dimensional representation vanishes on elements of order 7. If q 1 2 ðmod 3Þ, then the Brauer character of V has value À1 on double transpositions, so the Brauer character on AðV Þ vanishes on these elements. Finally, for p ¼ 2 and q ¼ 2 2mþ1 > 2, 3-cycles have Brauer character value 0 on the natural module, so the tensor product of V with some Frobenius twist also takes value 0 on 3-cycles.
So now let n d 4. In the proof of Proposition 3.8 we have produced elements g A A nþ1 on which the Brauer character of L k ðV Þ or AðV Þ vanishes. By our embedding of A nþ1 into SU n ðqÞ this provides the required zeros for SU n ðqÞ as well. r Proof. The alternating group A 2nþ2 embeds into O 2nþ1 ðqÞ via the natural permutation representation modulo the trivial submodule. If p F ð2n þ 1Þ then ð2n þ 1Þ-cycles have Brauer character value 0 on this module, while for p j ð2n þ 1Þ, elements of cycle shape ð2n À 3Þð2Þ 2 have Brauer character value 0, unless n ¼ 2. In the latter case p ¼ 5, and then the 13-dimensional representations vanish on elements of order 13, as can be seen on the 5-Brauer character table of S 4 ð5Þ; see [9] . r For n d 3 we use the embeddings S n ,! GL n ðqÞ ,! Sp 2n ðqÞ via the stabilizer of a maximal isotropic subspace. This identifies the natural module V of Sp 2n ðqÞ with two copies of the permutation module of S n . For p 0 2 the symmetric square of V is irreducible for S 2n ðqÞ (see [12, Table 2 ]). Thus its Brauer character vanishes on n-cycles or on elements of cycle shape ðn À 2Þð2Þ, at least one of which is p-regular, unless n ¼ p ¼ 3. In the latter case, the 13-dimensional Brauer character of S 6 ð3Þ (and hence of S 6 ð3 f Þ) vanishes on elements of order 13. If p ¼ 2 then A 2n ,! O 2nþ1 ðqÞ G Sp 2n ðqÞ, so the Brauer character of the natural representation of Sp 2n ðqÞ becomes the permutation character of A 2n , which vanishes for example on elements of cycle shape ð2n À 3Þð3Þ. r Browsing the ordinary character tables of sporadic simple groups [4] it can be checked that the criterion in Lemma 3.1 is satisfied except for M 11 ; M 12 ; M 22 ; J 2 ; HS; M 24 ; Ru; Suz; Co 3 ; Co 1 ; B with p ¼ 2 and for Suz, Co 3 with p ¼ 3. The Brauer character tables for all of these cases except for those of Co 1 and B modulo 2 are contained in [9] , and the assertion can be checked directly. Now the 24-dimensional representation of the 2-fold cover 2:Co 1 on the Leech lattice restricts to an irreducible 2-modular Brauer character of Co 1 , which vanishes for example on class 3D, according to [4] . Finally, by Jansen [8, (4. 
